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Abstract – Deconfined quantum criticality of two-dimensional SU(2) quantum antiferromagnets
featuring a transition from an antiferromagnetically ordered ground state to a so-called valence-
bond solid state, is governed by a non-compact CP1 model with a Maxwell term in 2+1 spacetime
dimensions. We introduce a new perspective on deconfined quantum criticality within a field-
theoretic framework based on an expansion in powers of  = 4− d for fixed number N of complex
matter fields. We show that in the allegedly weak first-order transition regime, a so-called confor-
mal phase transition leads to a genuine deconfined quantum critical point. In such a transition, the
gap vanishes when the critical point is approached from above and diverges when it is approached
from below. We also find that the spin stiffness has a universal jump at the critical point.
Many years have passed since a new paradigm for quan-
tum phase transitions, the so-called deconfined quantum
criticality (DQC) scenario, was introduced [1]. In this
paradigm, the effective quantum field theory does not con-
tain any elementary fields representing the order parame-
ters associated with the underlying competing orders. It
posits that in certain quantum phase transitions these or-
der parameters are not elementary, but composed of more
elementary fields in the same way that in elementary parti-
cle physics mesons are constituted by quarks. The precise
context where this happens involves competing orders fea-
turing broken internal and spacetime symmetries. This
occurs, for example, in certain SU(2) quantum antifer-
romagnets (AF) where SU(2)-invariant interactions com-
pete. A paradigmatic example is the so-called J−Q model
[2],
H = J
∑
〈i,j〉
Si · Sj −Q
∑
〈ijkl〉
(
Si · Sj − 1
4
)(
Sk · Sl − 1
4
)
,
(1)
where both J and Q are positive. Defining the dimen-
sionless coupling g = Q/J , we obtain the schematic phase
diagram shown in Fig. 1. For g  1 the first term in (1)
dominates, favoring a Ne´el state. For g  1 the plaquette
term in Eq. (1) dominates, favoring a valence-bond solid
(VBS) ordered state. The Ne´el state breaks an internal
symmetry, namely SU(2). The VBS state preserves the
SU(2) symmetry while breaking the symmetries of the
square lattice. As one broken symmetry is internal [the
SU(2) one] and the other one is spatial, quantum me-
chanics forbids their coexistence, since the VBS state is
a long-range entangled state while the Ne´el state is long-
range ordered.
In the DQC scenario the operators measuring both Ne´el
and VBS order are comprised of more fundamental ob-
jects. These are the spinons, which are represented by an
SU(2) doublet of complex fields z = (z1, z2) satisfying the
constraint |z1|2 + |z2|2 = 1 at each lattice point. In terms
of the spinon fields, the fields representing the Ne´el and
VBS order parameters are U(1) gauge-invariant objects.
The gauge field arising in such a theory is an emergent
“photon” originally defined on the lattice, and hence it is
necessarily compact. This leads to instanton excitations
that gap the dual photon (defined as Bµ = µνλ∂νAλ)
in the phase where the expectation value of the Higgs
field is zero, i.e., the paramagnetic phase. This gap also
corresponds to the mass of the instantons [3]. Thus, the
VBS phase is one where the spinons are confined (see the
text in the caption of Fig. 1). In the Ne´el phase, on the
other hand, the photon is gapped due to the Higgs mech-
anism. One fundamental prediction of the DQC scenario
is that the instanton-mass vanishes continuously for g ap-
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Fig. 1: Schematic phase diagram for the J − Q model [Eq.
(1)] showing a quantum phase transition between a Ne´el
state and a VBS as a function of the dimensionless coupling
g = Q/J . Both the Ne´el and the VBS order parameters
are composed of spinon fields. On the lattice, they corre-
spond to the composite fields ni = (−1)iz∗iασαβzi and to
ψVBS,i = (−1)iL−1∑j z∗iαzjαz∗jβziβ , where L is the number
of lattice sites. In terms of the spinons ziσ both fields repre-
sent U(1) gauge-invariant operators. In the Higgs phase, the
spinons condense due to a spontaneous U(1) symmetry break-
ing, leading to a Ne´el state. In the confinement phase, all
excitations are gapped and the spinons are confined, leading
to a VBS state. In the Ne´el phase the emergent photon is
gapped, while in the confined phase it is the dual of the emer-
gent photon of the Higgs phase which is gapped.
proaching a quantum critical point gc from above, thus
suppressing them at the quantum critical point [1]. For a
version of this theory with easy-plane anisotropy [4], the
suppression of instantons has been confirmed by Monte
Carlo (MC) simulations [5]. In the easy-plane case, the
suppression occurs in a weak first-order phase transition,
and no quantum criticality ensues [5, 6].
For the SU(2) DQC model, early MC results indicated
a weak first-order phase transition [7]. Simulations per-
formed on the J −Q model have mostly yielded a second-
order phase transition and signs of an emergent U(1) sym-
metry [2,8,9], although a weak first-order phase transition
has also been reported [10]. Since the J − Q model is
one of the emblematic lattice models for the DQC sce-
nario, a recent MC study [11] made a comparative anal-
ysis of its phase diagram with the one obtained from the
non-compact CP1 model. While both models agree over
a substantial portion of the phase diagram for moderate
system sizes, they behave differently at larger system sizes
[11]. Furthermore, there are indications that none of the
models become critical, which would corroborate a weak
first-order phase transition scenario. Recent large scale
simulations [12] on the non-compact Abelian Higgs model
with CP1 constraint indicate that the existence of a tricrit-
ical point cannot be ruled out. It is also worth mentioning
that a large N -like MC study of the J−Q and J1−J2 (J1
nearest neighbor and J2 next-nearest neighbor exchanges)
models has been made recently [13], aiming to compare
with large N limit of the CPN−1 model, where quantum
criticality is known to occur. In this study strong evidence
for DQC has been found for N > 4.
This brings us to the main topic of this paper, namely,
a quantum field-theoretic analysis of the non-compact
Abelian Higgs model with a global SU(N) symmetry. In
the present context, there are two relevant versions of this
theory, a non-linear and a linear one. The non-linear the-
ory corresponds to a CPN−1 model with a Maxwell term
[14],
LCPN−1 =
Λd−2
gˆ
N∑
α=1
|(∂µ − iAµ)zα|2 + 1
4e2
F 2µν , (2)
where Fµν = ∂µAν−∂νAµ and
∑N
α=1 |zα|2 = 1. The linear
version softens this constraint and has the more standard
Higgs model form [1]
LHiggs =
N∑
α=1
[|(∂µ − iAµ)zα|2 + r|zα|2]
+
u
2
(
N∑
α=1
|zα|2
)2
+
1
4e2
F 2µν . (3)
Both models have the same symmetries. In parameter
regimes where a critical point exists, they should belong
to the same universality class. In the limit e2 →∞, both
LCPN−1 and LHiggs have exactly the same critical behav-
ior for large N [15]. However, a recent calculation of the
spin stiffness at large N and finite e2 [16] showed that
ρs exponentiates to a Josephson scaling form only when
e2 → 0 or e2 → ∞, corresponding to O(2N) or CPN−1
universality classes, respectively. For finite values of e2,
the spin stiffness exhibits logarithmic violations of scaling
[16], which have been reported in recent MC simulations
of the J −Q model [9, 17].
Here, we address the actual nature of the phase transi-
tion in the gauge theory proposed to underpin deconfined
quantum critical points. In gauge theories, Elitzur’s theo-
rem [18] forbids the spontaneous breaking of a local gauge
symmetry in any dimension. Therefore, there is no lo-
cal order parameter available to distinguish phases. In
MC simulations of the lattice version of model (2), one of
the quantities studied is the spin stiffness [7], which pro-
vides a nonlocal order parameter. However, a jump in the
spin stiffness does not necessarily imply a first-order phase
transition in this case. One could have a situation where
the gap vanishes continuously as the critical point is ap-
proached, while the spin stiffness vanishes discontinuously.
Some theories behave precisely in this way, a prominent
example being the Berezinskii-Kosterlitz-Thouless (BKT)
transition [19], where the inverse correlation length fea-
tures an essential singularity at the critical point and no
local order parameter exists [20]. In the case of the BKT
transition, the superfluid stiffness has a universal jump at
the critical point [21]. Theories with this type of behavior
are said to undergo a conformal phase transition (CPT)
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[22]. Recent lattice simulations [23] show evidence of a
CPT in SU(N) gauge theories in d = 3 + 1.
We provide arguments to support a CPT scenario in
DQC gauge field theories. First, we show that the -
expansion for the model (3) contains a regime where the
inverse correlation length has an essential singularity and
show that the spin stiffness features a universal jump at
the critical point. Then, we derive a similar behavior for
the mass of instantons in the paramagnetic phase of the
CPN−1 model (2).
The one-loop RG β functions are well known and were
originally obtained using the Wilson RG [24]. In the clas-
sic RG-analysis of Eq. 3 carried out in Ref. [24], it was
concluded that no stable infrared fixed point existed un-
less N exceeded some large value Nc ≈ 185. For N < Nc,
runaway flows of the RG-equations were found, and this
was originally interpreted as a signature of a first-order
phase transition. A more modern interpretation of the
same, is that it signals the existence of a strong-coupling
fixed point, and it is this point of view we take. Contrary
to the scope of Ref. [24], in this paper we undertake a care-
ful analysis of the precise character of this strong-coupling
fixed point. This has, to our knowledge, not been carried
out. Such an analysis is of paramount importance, given
the proposed DQC-scenario.
To analyze Eqs. 2 and 3, it is convenient to use the field
theory RG with dimensional regularization in the mini-
mal subtraction scheme [26], rather than the Wilson RG
approach to the problem [24]. We introduce the renor-
malized dimensionless couplings f = m−e2R/(8pi
2) and
g = m−uR/(8pi2), where  = 4 − d and m is the Higgs
mass scale related to the inverse correlation length. Here,
e2R and uR are the renormalized counterparts of the bare
couplings e2 and u. The asymptotic behavior of the renor-
malized gauge coupling will be crucial. In order to obtain
it at one-loop order, we have to compute the vacuum po-
larization, Πµν(p), which yields the lowest order fluctua-
tion correction to the Maxwell term in the action. In a
d-dimensional spacetime, we have,
SMaxwell =
1
4e2
∫
ddxF 2µν
+
1
2
∫
ddp
(2pi)d
Πµν(p)Aµ(p)Aν(−p), (4)
where the vacuum polarization is obtained as
Πµν(p) = 2Nδµν
∫
ddk
(2pi)d
1
k2 +m2
− N
∫
ddk
(2pi)d
(2k − p)µ(2k − p)ν
[(k − p)2 +m2](k2 +m2) . (5)
If dimensional regularization is used, the gauge symmetry
is preserved along with current conservation, and therefore
Πµν(p) is transverse. Thus, Πµν(p) = Π(p)(p
2δµν −pµpν).
In the low-energy regime where |p|  m, we can evalu-
ate all integrals explicitly for arbitrary d to obtain Π(p) ≈
Nmd−4Γ(2− d/2)/[3(4pi)d/2]. The effective Maxwell con-
tribution to the Higgs Lagrangian then becomes,
LMaxwell ≈ 1
4e2
[
1 +
Ne2
3(4pi)d/2
Γ
(
2− d
2
)
md−4
]
F 2µν .
≡ 1
4e2R
F 2µν , (6)
which defines the renormalized gauge coupling e2R. Recall
that for N = 2 and e2 → ∞ the CPN−1 model (2) is
equivalent to theO(3) nonlinear σ model (see, for instance,
Sect. 7.9 in Ref. [25]), which has a second order phase
transition. In fact, the CPN−1 model exhibits a second
order phase transition for any N if e2 → ∞. The same
is expected to be true for the abelian Higgs model (3).
Thus, let us consider the limit e2 →∞ of Eq. (6) and its
approximate form for small  = 4− d,
LMaxwell ≈ N
12(4pi)d/2
Γ
(
2− d
2
)
md−4F 2µν
≈
small 
1
4(8pi2f∗m)
F 2µν , (7)
where f∗ = 3/N . After approximating Eq. (6) for small
, we obtain the one-loop β function for the dimensionless
gauge coupling f ,
βf ≡ m df
dm
= −f + N
3
f2, (8)
and we identify f∗ as the infrared stable fixed point.
Hence, for 2 < d < 4 we have that f approaches f∗ in
two ways, namely, as e2 →∞ for fixed m or as m→ 0 for
fixed e2. Therefore, we can use (e2)1/(4−d) as the ultravi-
olet cutoff Λ.
Note that βf is only a function of f . A two-loop calcula-
tion does not change this [27], and βf remains dependent
only on f . Within dimensional regularization in the min-
imal subtraction scheme one may show that this holds to
all orders, since the only poles in  arise in diagrams con-
taining uniquely powers of the gauge coupling. All other
diagrams are finite for  → 0. This follows from gauge
invariance and Ward identities of the theory.
The β function for the coupling g is given at one-loop
order by [15]
βg ≡ m dg
dm
= −g − 6fg + (N + 4)g2 + 6f2. (9)
There are two relevant regimes where critical points arise,
depending on the value of the gauge coupling fixed point.
For f = 0, we have a nontrivial fixed point g∗ = /(N +
4) governing the critical behavior corresponding to the
O(2N) universality class, while the line f = f∗ = 3/N
contains a critical (g+) and a tricritical (g−) fixed point
for N > Nc = 6(15 + 4
√
15), given by g± = (18 + N ±√
∆)/[2N(N + 4)], where ∆ = N2 − 180N − 540. We are
interested in analyzing the quantum critical behavior near
the line f = f∗. As we have seen, this corresponds to a
p-3
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regime of very strong bare gauge coupling. The behav-
ior near the line f = f∗ should correspond to a crossover
to the critical behavior of the CPN−1 model (2). In or-
der to understand this quantum critical behavior, we re-
call that generally near a second order phase transition
m ∼ (g − g∗)1/ω, where g∗ is the infrared stable fixed
point and ω is the exponent governing corrections to scal-
ing [26]. In our case, g∗ = g+ for N > Nc and ω =
∂βg(g+, f∗)/∂g = 
√
∆/N . Due to the presence of the tri-
critical point, we must have g → g− for m Λ in addition
to the usual behavior g → g+ for m Λ. Thus, the solu-
tion of Eq.(9) along the line f = f∗ has the general form
m/Λ = F (g)/F (gΛ), where F (x) = [(g+−x)/(x− g−)]1/ω
and gΛ = g|m=Λ. For N < Nc we have that βg(g, f∗) 6= 0
for all g ∈ R, since the fixed points g+ and g− both be-
come complex. On the other hand, ∂βg(g, f∗)/∂g vanishes
for g = gc = (g+ + g−)/2 = Re(g+). Since for N < Nc g±
are complex conjugate to each other, m does not exhibit
a power-law behavior any longer. Indeed, we obtain
F (g) = exp
{
− N

√|∆| arctan
[ √|∆|
2N(N + 4)(g − gc)
]}
.
(10)
The limit  → 0 corresponds to a Gaussian fixed point.
In the limit  → 0 we have F (g) = exp{−1/[(N + 4)g]}
for all N . The CPN−1 model has a similar behavior at its
critical dimension, d = 1 + 1.
We note that m does not vanish at g = gc. As g →
gc+ it approaches its minimum value, mmin, and jumps
abruptly to its maximum value, mmax, which is attained as
g → gc−. The difference mmax−mmin is much larger than
mmin, showing that m almost vanishes as gc is approached
from above. Thus, adhering to the logic of the -expansion,
we can write approximately,
F (g) ≈ exp
[
− 1
2(N + 4)(g − gc)
]
, (11)
which vanishes as g → gc+. On the other hand, approach-
ing gc from below causes m to grow to infinity. This is pre-
cisely the type of behavior arising in theories undergoing
a CPT [22], associated with the breakdown of conformal
symmetry. This aspect of gauge theories can be related to
the so called trace anomaly [28] of the stress tensor.
In order to find further signatures of a CPT, we search
for universal behavior in physical quantities. The spin
stiffness ρs is a crucial physical observable in DQC. In the
case of a CPT, it must have a behavior similar to what is
found in a BKT transition, where the superfluid stiffness
exhibits a universal jump at the critical point [21].
To facilitate computing ρs within the present formal-
ism, we observe that in the Higgs phase the renormal-
ized photon mass is given by m2A = 2e
2
Rρs and use
the fact that m2/m2A = g/(2f) to derive an RG equa-
tion for ρs, mdρs/dm = (2 −  − βg/g)ρs, and solve it
over the line f = f∗. The solutions have the scaling
form, ρs = m
2−R(m/Λ). Consider first the case hav-
ing N > Nc, where a second-order phase transition takes
0.0 0.2 0.4 0.6 0.8 1.0
0.64
0.65
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Fig. 2: Spin stiffness obtained by inserting Eq. (10) into Eq.
(13) and setting N = 2 and  = 1. There is a universal jump
at g = gc.
place. We obtain the typical Josephson scaling, including
corrections to scaling behavior
ρs
Λ2−
=
[F (g)/F (gΛ)]
2−{1 + [F (g)]ω}
g+ + g−[F (g)]ω
. (12)
When N < Nc, on the other hand, we have
ρs
Λ2−
=
2(N + 4)[F (g)/F (gΛ)]
2− cos θ(g)√
(N + 4)2g2c + ω
2 cos[θ(g) + θ0]
, (13)
where θ(g) = (1/2) arctan{|ω|/[2(N + 4)(g − gc)]} and
θ0 = arctan{|ω|/[(N + 4)gc]}. Since now g must ap-
proach gc from below, it is not possible to use Eq. (11)
in Eq. (13). As a consequence, as g → gc− a uni-
versal jump arises, which is given by ρcs/Λ
2− = 2(N +
4)[F (gc−)/F (gΛ)]2−/[(N+4)gc+ |ω|]. Thus, we have ob-
tained another expected feature of a CPT reminiscent of
the BKT behavior [21]. In Fig. 2 we plot ρs for N = 2
and  = 1.
When expressed in terms of m, Eq. (13) includes log-
arithmic corrections to scaling, a behavior related to MC
simulations of the J − Q model [9, 17] and discussed re-
cently in a large N context in Ref. [16]. Indeed, recall-
ing that m/Λ = F (g)/F (gΛ), we can write cos θ(g) =
cos{(|ω|/2) ln[F (gΛ)m/Λ]} and a similar expression for
cos[θ(g) + θ0]. In order to see a possible connection with
available numerical results, we may consider a finite-size
scaling approach within the -expansion framework [26].
Formally, an analysis would make use of an Abelian Higgs
model in a periodic hypercube along with the results from
the RG analysis in the continuum [26]. However, we can
already predict the outcome of such a finite-size scaling
analysis with the results obtained here. To this end, we
consider a correlation length ξ = m−1 = L, where L rep-
resents the finite size of the system. For a finite size L and
p-4
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to lowest order in , we obtain,
ρs ≈ 2(N + 4)L
−2
cos θ0
√
(18 +N)2 + |∆|2/N2
×
{
1

+
√|∆|
2N
tan θ0 ln
[
ΛL
F (gΛ)
]}
, (14)
which for ΛL 1 behaves like ρs ∼ L−2 ln(ΛL), similarly
to Ref. [9] when  = 1, corresponding to 2 + 1 dimensions.
Thus, such an observed behavior in numerics may be a
sign that for considerably larger system sizes a jump arises
in the spin stiffness. It is worth emphasizing that such a
logarithmic correction is tiny at large N . To see this,
we consider the explicit expression for the amplitude of
L−2 ln(ΛL) for large L,
ρs ∼ (N + 4)
√|∆|
N2(N + 18)2
L−2 ln(L/L0), (15)
where L0 = F (gΛ)/Λ. For N → ∞, the coefficient in
the expression above behaves like ∼ 1/N2, being therefore
strongly suppressed. This is the reason why a large N
approach cannot easily predict a logarithmic correction
in the spin stiffness. For N = 2 corresponding to SU(2)
quantum antiferromagnets, we obtain ρsL
2−/ ln(L/L0) ≈
0.1123. This value is only 8-10 % smaller than the value of
ρsL/ ln(L/L0) at critical point (J/Q)c of the J−Q model
calculated numerically in Ref. [9].
Another interesting quantity is the Ne´el magnetic sus-
ceptibility, χN (x) = 〈n(x)·n(0)〉, which in terms of spinon
fields is given by χN (x) = 2[〈z∗(x) · z(0)z(x) · z(0)〉 −
N−1〈|z(x)|2|z(0)|2〉]. In order to calculate this quantity,
the renormalization of composite operators have to be
taken into account, so that two renormalization constants
are needed, namely, the wavefunction renormalization Zz
for the spinon field and Z ′2, accounting for the renor-
malization of the composite operator z∗α(x)zβ(x). Thus,
at the critical point we have χN (x) = Zz/(Z
′
2|x|4−2)
[29]. In this case it is useful to define the RG function
γ′2 = m∂ ln(Z
′
2/Zz)/∂m, which is given at one-loop order
by γ′2 = 3f − g [29]. The corresponding finite-size scaling
susceptibility thus satisfies Ld lnχN/dL = 2(2 −  − γ′2).
In general we then have χN = (L0/L)
2−+ηNX[ln(L/L0)].
For N > Nc a second-order phase transition takes place
with X[ln(L/L0)] ∼ const and ηN = 2 −  + 2g+ − 6f∗.
For N < Nc, on the other hand, we obtain,
χN =
{ln[1/F (gΛ)]/ ln(L/L0)}1/(N+4)
[F (gΛ)L/L0]2−+ηN
, (16)
where ηN = 2 −  + 2gc − 6f∗. Note, however, that in
the latter expression positive values of ηN arise only for
(13 +
√
385)/2 < N < Nc. Thus, a better approxima-
tion is necessary in order to access more physical values
of N . Anyway, it is interesting to notice that a nontrivial
logarithmic dependence arises in this case.
As a final calculation to support a CPT scenario in
DQC, we consider the dynamics of instantons inside the
VBS in the CPN−1 model (2) at fixed dimensionality and
large N . At leading order a standard calculation yields
the mass gap, M , which due to the large N limit exhibits,
as expected, a conventional power-law behavior for gˆ > gˆc,
i.e., M/Λ = (2/pi)(1− gˆc/gˆ), where gˆc = 2pi2/N . However,
here the unconventional behavior arises in the gapped in-
stanton excitations. By computing the vacuum polariza-
tion, we obtain the correction to the Maxwell term respon-
sible for the most important contribution to the instanton
dynamics. From the strong-coupling regime e2 → ∞ for
fixed d = 2 + 1, we obtain from the first line of Eq. (7)
with m replaced by M ,
LMaxwell ≈ N
48piM
(µνλ∂νAλ)
2. (17)
A Maxwell Lagrangian in three spacetime dimensions sup-
ports instantons, provided the U(1) gauge group is com-
pact. This amounts to considering compact electrodynam-
ics [3], which is equivalent to a field theory for a Coulomb
gas of instantons. The instanton action is given by
Sinst =
N
48M
∑
i 6=j
qiqj
|xi − xj | +
NΛ
24piM
∑
i
q2i
− 2N
∑
i
ρqi ln
(
M
Λ
)
, (18)
where qi = ±1,±2, . . . are instanton-charges. The first
two terms are the usual contributions originating with
compact electrodynamics in 2+1 dimensions [3]. The last
term was computed in Ref. [30], and describes the core-
contribution to the action of non-interacting instantons.
We will consider only the contribution having qi = ±1,
which yields ρ1 ≈ 0.06 [30]. Therefore, the corresponding
field theory for the instantons is given by the following
sine-Gordon Lagrangian
LSG = 1
2
(∂µϕ)
2 − z cos(2pisϕ), (19)
where s =
√
Ngˆ/[48Λ(gˆ − gˆc)], and z = Λ3(gˆ −
gˆc)
−2Nρ1 exp{−Ngˆ/[48(gˆ − gˆc)]} is the fugacity of the
Coulomb gas. Thus, within a Debye-Hu¨ckel (DH) approx-
imation, we find the screening mass gap of the instanton
gas given by
M2DH = 4pi
2s2z =
Λ2pi2Ngˆ
12(gˆ − gˆc)1+2Nρ1 exp
[
− Ngˆ
48(gˆ − gˆc)
]
.
(20)
Eq. (20) gives the mass gap of the confining dual photon
in the VBS phase. This is not a simple power, featuring
in addition an essential singularity at the critical point,
providing further indications of a CPT.
The VBS order parameter is given within the large N
framework by ψVBS = 〈ei2pisϕ〉, which in the DH approx-
imation is easily evaluated by means of a Gaussian in-
tegration, ψVBS ≈ e−2pi2s2〈ϕ2〉, where 〈ϕ2〉 ≈ Λ/(2pi2) −
p-5
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MDH/(4pi). Thus, we obtain,
ψVBS ≈ exp
{
− Ngˆ
48(gˆ − gˆc) +
pi2(Ngˆ)3/2
96
√
3(gˆ − gˆc)3/2+Nρ1
× exp
[
− Ngˆ
96(gˆ − gˆc)
]}
, (21)
which vanishes continuously as gˆ → gˆc from above. In
terms of the correlation lengths ξ = M−1 and ξmon =
M−1DH for the instantons, we obtain in the present approx-
imation and for gˆ near gˆc, ψVBS ∼ ξ−(1+2Nρ1)ξ−2mon. If
ξmon is ignored, it would appear that the VBS correlation
length ξVBS has a power-law behavior relative to ξ. How-
ever, due to ξmon, we find that the actual behavior near
the critical point is highly peaked and vanishes quickly for
gˆ not much larger than gˆc. This result might be an artifact
associated to the missing magnitude of ψVBS in the above
approximation.
To test numerically for a CPT, one needs to establish
a universal jump in the stiffness at the transition. This
is similar to the situation in the 2D XY model, which
features a BKT transition, which is a CPT. This is done
by considering higher-order response functions to phase-
twists [31]. Similar techniques have been developed for
searching for universal jumps in stiffnesses in 3D systems
with proposed CPTs [32].
Summarizing, we have analyzed the -expansion of the
Abelian Higgs model in the allegedly first-order phase
transition regime along a line in the RG flow diagram
determined by the gauge coupling fixed points defining
the strong-coupling regime. We have argued that within
the accuracy of the -expansion, a conformal phase tran-
sition associated with a deconfined quantum critical point
occurs. We obtain a spinon mass gap featuring an essen-
tial singularity at the critical point. Similarly to the BKT
transition in two dimensions, we find that the spin stiffness
has a universal jump at the conformal phase transition
critical point. We find further evidence for a conformal
phase transition by analyzing the VBS phase at large N
in the presence of instantons, where the screening mass of
the instantons also exhibits an essential singularity at the
critical point.
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